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Galerkin model for Turing patterns on a sphere
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We carry out a Lorenz-like truncation of reaction diffusion systems to investigate pattern formation on a
spherical surface. Stability analysis suggests spots to be favored more than stripes in general. Numerical
calculations on the truncated model are in agreement with the theoretical predictions.
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I. INTRODUCTION

The study of pattern formation in reaction diffusion sys-
tems took off with the historical paper of Turing in 1952 in
which he showed that two interacting chemical species with
different diffusivities can generate a stable pattern [1]. Since
then a number of models have been proposed and applied to
different situations [2]. One important motivation for the
study of patterns is to simulate and ultimately get to the root
of patterns seen in nature. Important biological mechanisms
such as morphogenesis are believed to originate from spatial
variations of chemicals. But a critical aspect that has been
largely neglected is the shape and curvature of the domain
and its role in pattern formation. Nature seldom provides flat
surfaces that have been widely assumed for calculations till
now. The little literature available on the subject mostly fo-
cus on numerical integration of particular models on curved
domains. Varea et al. used a generic reaction diffusion model
to numerically investigate patterns on a spherical surface
[3,10].

However, in order to understand the general nature of
pattern formation on curved domains, it is necessary to em-
ploy analytical tools (see [4]). It is the aim of this paper to
develop the technique of Galerkin truncation, which has been
used with considerable success in the field of hydrodynamic
instabilities [5], to study the formation of patterns on a
spherical surface. The choice of a spherical surface is not
incidental since there are many examples of pattern forma-
tion on bulbous surfaces in nature [3]. The structure of vi-
ruses and the growth of tumors are some of the major bio-
logical applications. Patterns on a sphere may be widely
classified as spots and bands (stripes).

The truncated model may be exploited to study the com-
petition between different kinds of patterns and find the pa-
rameter ranges in which the system shows interesting behav-
ior. The organization of the paper is as follows: in Sec. IT A,
we set up a Galerkin model for a popular activator inhibitor
model proposed by Gierer and Meinhardt [6]. We then study
the competition between spots and stripes by a linear stabil-
ity analysis. In Sec. II B, we apply the same technique to
another model. In Sec. II C we present some numerical re-
sults obtained with the truncated model followed by a dis-
cussion.

II. GALERKIN PROJECTION

The method of Galerkin projection is used to reduce par-
tial differential equations to a finite set of ordinary differen-
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tial equations. This requires the expansion of the relevant
variables, in this case the concentrations of the species, in a
complete set. In general, there would be an infinite number
of terms in the expansion. So the trick involves selecting
only those modes that are necessary to describe the phenom-
enon we are investigating, i.e., the series is truncated. The
procedure is outlined in the following subsections.

A. GM model on a sphere

We shall consider the well known Gierer Meinhardt
model and explore the formation of patterns on a spherical
surface (see Fig. 1). A simplified version of the model is
given by

dA A?

—=DAA+—-A+o0, (1a)
t B

dB

E:AB+M(A2—B), (1b)

where A and B represent the concentrations of two species, D
is the ratio of the diffusivities, o is the basic production rate
of A, and u is the removal rate of B. A stands for the Laplace
Beltrami operator for a sphere. The general expression for
the Laplace Beltrami operator is
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For a sphere of radius R this is the usual
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The trivial fixed point representing the homogeneous steady
state of the system is given by Ay=(1+0) and By=A]. We
carry out a linear stability analysis about this fixed point by
taking perturbations of the form

A= Yl,m(gv ¢)exp()\t) 5AO’ (23)

OB = Y/,m(gv ¢)3XP(7\I) 5BO (2b)

Since we are interested in a spherical domain, the obvious
choice of basis functions are spherical harmonics. The tradi-
tional k> on a flat domain is now replaced by I(I+1)/R?
where [ is the polar index and R is the radius of the sphere.
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FIG. 1. Stability diagram for Egs. (1a) and (1b).

We thus find that the mode having the highest positive
growth rate is characterized by

IN e I T o
“\p where uD = (1o .

The critical value of [ is determined by the actual problem,
i.e., by the value of R. As the radius increases, so does the
polar index of the critical mode which means that the pattern
becomes more complicated.

We now set up the Galerkin model for the system keeping
the number of modes to a minimum. The modes have to be
judiciously chosen so as to capture the features of the phe-
nomenon we are interested in, in this case, the competition
between stripes and spots.

We define real combinations of spherical harmonics as
follows:

(l+1)
R2

c

V1.0(0,0) =Y, (6, ),

1
Vijm|(0,P) = E[Yl,—|m|(6’ D)+ (= 1)"Y )6, D],

Sioim(6.) = \%[Y,,-m(e, 8~ (= 1"V, (B.8)].

Expanding
.
A =Ndmlageyoo(6, ) +a0Y10(0,P) + a1, m(6: )
+ay Y, -m(0.9)], (4a)

B = 4a[byy00(6, $)], (4b)

where for a given radius R, [ is the polar index if the mode
with the highest growth rate given by Eq. (3). We have cho-
sen a five mode truncation which is the simplest situation.
Since B is the fast diffusing species, we assume that the
higher modes would decay rapidly. Ideally for a given I, we
should keep all the 2/+ 1 modes. But the expansions (4a) and
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FIG. 2. Linear stability diagram for Egs. (5a)—(5¢). Boundary 2
separates the homogeneous steady state from the homogeneous os-
cillatory state. On boundary 1, the mode a;( becomes unstable.

(4b) is sufficient to set up a Galerkin model to study the
basic aspects of pattern formation. Substituting in Egs. (1a)
and (1b) and using the orthonormality conditions of spherical
harmonics, we obtain a set of nonlinear ordinary differential
equations:

1
: 2 2 2 2
Goo=0—apo+ b—(ao’0 +ajt+ap ,+ a,ly_m), (5a)
0,0

bo’o = ,LL(— b(),() + a(z)’() + aio + a12l m + alzl’_m) . (Sb)
DI(I+1) ) 1 ) J 3
do=—|—"—F—+1]ao+—\a daQ)
1,0 ( R? 1,0 bo Yoo 10 | Yo

2a9,04;

04, 2 2

+ =" +a;, yl,Oyll,mdQ
V4

+ alzl,—m f yl,Oylzl,—mdQ) ’ (SC)

. (Dzl(z1 +1) 1) 1 <2ao,oazl,m
a m=—\——>5—+1]a; , +
i R® w bo,0Y0,0 Vam

+2611,06111,mfy1,0)’121,md9)s (5d)
. (Dz,(ll 1) 1) L1 (Zao,oazl,_m
ap-m=—\" 7 ar . —m
" R T bogyoo\ A
+2al,Oall,—mfyl,Oylzl,—mdQ>' (Se)

Now that we have a set of ordinary differential equations
(ODE’s), we can find out the fixed points of the system (see
Fig. 2). The trivial fixed point describing the homogeneous
steady state is given by ago=(1+0) and byo=(1+0)% A
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linear stability analysis shows that for DI(I+1)/R*<(1
—0)/(1+0), the trivial fixed point becomes unstable against
perturbations da, . If /;=1, then the instability in the three
modes a; ., and a, sets in simultaneously.

We can study the competition between stripes and spots
by checking the linear stability of the striped state (a,laim
=0) against perturbations by 5all’4_,m. The striped fixed point
is given by

all,im = 0’ (6&)
apo—(1+0)=0, (6b)
2 24 _
boo—(ago+ajp) =0, (6¢)
DI(l+1 a 2a
—(—13—2+1>+—Jﬁ—fy%a)+—ﬁﬁ=o (6d)
R 1,0Y0,0 ’ boo
The linearized equations in the subspace of aj, o are given
by
. Dl](ll + ]) 261[’0
&lem = |:— <—R2 +1 |+ b yl,Oylzl,mdQ
1,0Y0,0
2

+ """’} 8a1, e (7a)

boy !

. Dll(ll+1) 2(110
5a11,—m = |:_ ( R2 +1)+ b . yl,Oylzl,—mdQ
1,0Y0,0
2

a0’0:| 501 —m* (7b)

by v

There are two cases that we can tackle separately.
When [ is odd, the condition for the perturbations 5“11,:m
to grow is

DIl(l;+1 2
_( 1(12 )+1)+ 40,020'
R 0,0

Using Eq. (6d),

DI (l;+1 DI(I+1

) 0
or
[-1,=0.

The modes g, ., are found to have marginal stability (i.e.,
have zero growth rates) if /,=/ and when [; <!, the modes
have a positive growth rate.

When [ is even, the condition for onset of instability is
given by

DIl +1
(2 ).

2610’0 2a1’0

2
Y101 * dQ=0.
boo  bioyoo f e

Now, using the relation
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the modes a,;.,; are marginally unstable. Linear stability
analysis cannot tell us if the striped state is stable against
these perturbations or not.

Hence within the framework of the Galerkin model, a
linear stability analysis suggests that stripes are unstable with
respect to spots.

B. A generic reaction diffusion model

In order to establish the general applicability of the trun-
cation method, we shall test it on a commonly used model
introduced by Barrio et al. [8,7,9]. A two component reaction
diffusion system has the standard from

JuU
~, =PAU+F(U), (8)

where the diagonal matrix D gives the diffusion coefficients
and F=(F,,F,) describes the (nonlinear) interaction of the
two species. Expanding the nonlinear functions around a sta-
tionary uniform solution, keeping terms up to cubic order

d
(9—I:= SDAu + au(1 — riv?) +v(1 = rou), (9a)

1%
0—l:=5Av+,8v(1+%uv>+u(7+r20), (9b)

where u and v are the deviations of the concentration of the
two species from the uniform steady state values. Hence the
trivial fixed point is given by the point (#=0,v=0). D is the
ratio between the diffusion coefficients of the two species. a,
B, and vy are the parameters of the system. We set up the
Galerkin model for this system, on a sphere, as follows. Let

u=2A00500(60,8) +A;0y10(0,0) + A, ,,y1,,(0, D)
+Al,—myl,—m(0’ ¢) 5

v =BY00(0. ) + B y10(0. D) + By 1 ,u(6: P)
+ Bl,—myl,—m(07 ¢) .

Keeping only the quadratic coupling, i.e., setting r;=0, we
obtain

Ago=aAgg+Bog—ra(BooAoo+ BioALo+ BiwAln
+ B A ), (10a)
By = YA+ BBoo+ r2(BooAog + BroAio+ BruAim
+ Bl,—mAl,—m) > (10b)
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; DIl + 1) BooAo  BioAoo
A[,(): aA[’0+BI’0— —A[,O_ r2<é + ——

2 [ _
R V4w 4w

_r2<Bl,OAl,Ofyl3,0d0+Bl,mAl,mfy12,myl,0dQ

+ BZ,—mAl,—m J ylz,—myl,OdQ) s (lOC)

; Sl(1+1) BooAro  BioAoo
Bio=vyA10+BBo———5 Bio+ ”2(# + ——"
R V4 Vaar

+ r2<Bl,0Al,0 f yiOdQ + Bl,mAZ,m f y12,myl,0d‘Q’

+ Bl,—mAl,—m f ylz,—myl,OdQ) 5 (IOd)

. SDI(1+ 1)
Al,im =\~ T

Bo oA sm +Ap,0B12m
—r —
V4

+ a>Al,tm + Bl,tm

+ (Bl,OAl,im

+ A, 0B em) j ylz,imyl,odﬂ)’ (10e)

. Sl(I+1)
Lem =\~ RZ + B Bl,tm + 7A1,1t11

B +AyoB
+ 72( O,OAl,tm_ 0,0P1,+m + (Bl’()Al’im

N

+ A 0B em) f ylz,:myl,OdQ)~ (10f)

A linear stability analysis shows the striped state (A;.,,
=B, .,,=0) to be unstable to spots. A similar analysis may be
carried out keeping only the cubic coupling and setting r,
=0. But due to practical difficulties in keeping / and m gen-
eral, it is necessary to use the actual values of / and m. For
[=1 and m=1, the striped state was found to be unstable to
spots. Thus stripes appear to be generically unstable.

FIG. 3. Pattern of A drawn with a linear grey scale obtained for
I=1, DI(1+1)/R*=0.2, =0.5, and u=1.0.
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FIG. 4. Pattern of A with /=3, same parameters.

C. Numerical results

We have carried out numerical calculations for the trun-
cated system obtained for the Gierer Meinhardt model. For
odd values of [, stripes were found to be unstable. As pre-
dicted by the linear stability analysis, for DI(I+1)/R? less
than the threshold value (1-o0)/(1+0), the concentration
profile of the species A showed interesting patterns, some of
which are sketched in Fig 3.

However, there is a basic difference between even and
odd values of . For odd values of /, some of the quadratic
coupling terms vanish. But for even values of /, they serve to
break the degeneracy among the equations for the 2/+1
modes. For /=2 and m=1, linear stability analysis failed to
predict if stripes are unstable to spots or not. A numerical
calculation of Egs. (5a)—(5e) suggests that for /=2 and m
=1, stripes are stable. But to get a clearer picture it is nec-
essary to keep all the modes from m=-2 to m=2 in the
expansion of A (see Fig. 4). Hence we expand

-
A =\dm(agyoo(6:P) +ar 2y, (0, ) +ay_1y,_1(6,4))

+a,,0y1,0(a2,01,0(0, D) + a3 1y2,1(6, P) + az 5y, (6, P)),
(11a)

B=\4m{by0y00(0,P)]. (11b)
By solving the complete set of equations obtained by substi-
tuting Egs. (11a) and (11b) in Eq. (1b), we obtain a spotted
pattern (Fig. 5).

FIG. 5. Pattern of A with /=2, DI(I+1)/R*=0.3, ¢=0.5, and
wn=1.0.
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II1. DISCUSSION

We have been able to set up a truncated model for two
different reaction diffusion models. This vastly simplifies the
job of numerical calculations and makes it possible to get an
idea of the patterns analytically. We studied the competition
between stripes and spots. The term “stripes” has to be used
with caution as one cannot obtain perfect stripes on a sphere
because of its topology. There would have to be defects [3].
For instance, a pattern of rings around the surface would end
in two spots at the poles. Hence patterns on a sphere cannot
be directly compared to those on a plane.

Linear stability analysis suggests that spots are favored
more than stripes in general. This was confirmed by numeri-
cal calculations on the truncated version of the Gierer Mein-
hardt model. An obvious problem with this technique is that
it is possible to miss the relevant modes since it requires a
prior idea of the pattern. But if guided by experimental re-
sults, it can be an effective tool. The Galerkin model can be
used to investigate patterns far from the major phase bound-
aries. The model can be extended to probe other aspects of
pattern formation such as Hopf bifurcation and the Hopf-
Turing mixed region.

Pattern formation on curved surfaces needs to be probed
in greater detail. The Galerkin truncation technique is a use-
ful tool that can reveal interesting phenomena analytically
which are otherwise not obvious.
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APPENDIX

In this appendix, we will deal with the calculations related
to Egs. (9) and (10). Keeping only the quadratic coupling,
the striped state is given by

alg o+ Boo—12(Bg oA+ BoA) =0, (Ala)
BBoo+ Ao+ r2(BooAoo+BioA) =0, (Alb)
SDI(I+1)
o — R2 Al,o + Bl,()
Bo0A10+ BioAoo
—rzl — + B A0 )’13,05'7Q =0,
a4
(Alc)
Sl(l+1)
B- 72 Bio+ YA
B +B
+ r2|: O'OALO’/— I’OAOVO + Bl,OA[,O f y20d9:| = 0,
Va4
(Ald)
Al,tmz 0’ (Ale)
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By =0. (A1f)

Taking perturbations dA,,, and 6B,,, the linearized equa-

tions are
5A m c Cc oA m
( N ):{ . 12}( ' ) (A2)
5By, a1 € I\6By,
where
SDI(I+1) By
c=a- > _”2( —+B ylz,myl,odQ ’
R a4

Ao f 2 )
cp=1—-rn|—+A wViod€d |,
12 2( \’ET 1.0 | YimYio

By
=Y+ V2<_’%+Bz,of)’12,m)’1,odﬂ),

=

Sl(L+1) App
cp=B- )

R f*‘Az,of)’zz,myl,on)

V4

Assuming solutions of the form

(5Az,m(f)) B (M)<5Az,m(0) )
88,0 )~ PN sB,,00) )

the perturbations would grow if ReA >0, and the condition
for the onset of stationary instability in the subspace of A;,,
and B, is A=0. This gives ¢y cy—c =0, or

sDI(+1) [ B
{a— —Vz( ﬁ"‘Bl,oJ)’zz,m)’/,on)}

R2 \r'4’7T
[ s+ A
X B - 2 + r2( ,f; + Al,(] ylz,myl,OdQ
L R Vb

[ Aoyo
- 1—V2<_,F +A1,OJYimYI,0dQ>}
L V4

B
Xl y+ r2< /%"‘Bl,of)’zz,m)’l,odﬂﬂ =0. (A3)
L \Naar

For m=1,

fyiod9=2JYZ,OYi1dQ (A4)

if [ is even. If [ is odd, these integrals vanish. From Eqgs.
(Alc) and (A4)
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SDI(1+ 1) (BOO f 5 )
a— -r = +B dQ | |A
{ R 2 \/Er 10 | Yi1Yio 1,0

+ 1—r2<A/%+A,ij,21ylon> B;y=0. (A5)
V4 ’ T ’

Again from Eq. (Ald),

By
l?"" r2<_,%+31,0f)’1,0)’12,1‘19)]141,0
V4

Sll+1) A
X| B- > +V2( /£+A1,0f)’1,0)’12,1dﬂ) By
R N4t

=0. (A6)

From Egs. (A5) and (A6)
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Aoo
|:1_72( /;‘*Al,ofylz,l)’l,on)]
\1'477

_BIO 5Dl(l+1) (BOO j 2 )
’ - -r = +B dQ)
{ R? 2 \’/—477 10 | Yi1Yio

Sl(1+1) A
B- 2 +r2< ,2 +A1,of)’1,o)’/2,1d9)
B R Va4

By, 2
Y+ | ==+Bo | yi0y,4Q
V4

Thus we see that Eq. (A3), which is the condition for mar-
ginal instability, i.e., A=0, is satisfied. A similar calculation
can be carried out for cubic coupling, with r,=0. Here it is
necessary to use specific values of / and m.

e
(=]

(A7)
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